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SOME RELATED PROBLEMS OF FILTRATION AND HEAT 

CONDUCTION IN POROUS BODIES 

V. M. Entov and N. Shyganakov UDC 532.685 

An e x a m i n a t i o n  i s  made  of a d y n a m i c a l l y  s i m i l a r  b o u n d a r y - v a l u e  p r o b l e m  d e s c r i b i n g  the  u n i f o r m  
m o t i o n  of a l i qu id  o r  g a s  i n i t i a t e d  by i n t e n s i v e  h e a t  f low to  a p o r o u s  body.  

i. We will examine the motion of a uniform liquid in a porous body under nonisothermal conditions. We 
will assume that the time required to establish local thermal equilibrium is short and that we can use a one- 
temperature model. We then have the system of equations (see [i], for example): 

k9 
- - - -  VP = r  J/J, (1) 

o (me) 
Ot 

- -  + d i v J = O ,  (2) 

O (ipm + CT) 
-}- div (i J) -b div q = O, (3) 

at 

q = - - ~ V  T, i ~ i ( p ,  T), 9=P(P,  r), $~=~,(p, T), ~t=~(p, T). (4) 

The func t ion  ~ (J) d e s c r i b e s  the  f i l t r a t i o n  law.  Wi th  the  c h o s e n  f o r m ,  s y s t e m  (1) c o v e r s  a v a r i e t y  of c a s e s  of 
n o n i s o t h e r m a l  m o t i o n  of l i qu ids  and g a s e s  in a p o r o u s  m e d i u m  wi th  both a l i n e a r  and a n o n l i n e a r  f i l t r a t i o n  law.  
I t  w a s  u s e d  in [1] to  s tudy  t e m p e r a t u r e  changes  c o n n e c t e d  wi th  the  J o u l e - T h o m p s o n  e f f e c t  in  the  n o n s t e a d y  
flow of gas  to  w e l l s .  Below we  e x a m i n e  wha t  i s  in  a s e n s e  the o p p o s i t e  p r o b l e m :  the  m o t i o n  of a l iqu id  o r  g a s  
i n i t i a t e d  by  i n t e n s i v e  h e a t  f low to  a p o r o u s  body.  

2. Le t  a h a l f - s p a c e  x >_ 0 a t  the  i n i t i a l  m o m e n t  of t i m e  be f i l l e d  wi th  a mov ing  gas  wi th  a c o n s t a n t  p r e s -  
s u r e  P0 and t e m p e r a t u r e  T 0, and l e t  c e r t a i n  new v a l u e s  of p r e s s u r e  and t e m p e r a t u r e  Pl and T l be e s t a b l i s h e d  a t  
the  bounda ry  beg inn ing  wi th  the  m o m e n t  t = 0. The r e s u l t i n g  u n i d i m e n s i o n a l  mo t ion  s a t i s f i e s  the  cond i t i ons  

In s t i t u t e  of P r o b l e m s  of M e c h a n i c s ,  A c a d e m y  of S c i e n c e s  of the  USSR, M osc ow .  Kazakh  S ta te  Sc i en t i f i c  
R e s e a r c h  and P l ann ing  Ins t i t u t e  of the P e t r o l e u m  I n d u s t r y ,  G u r e v .  T r a n s l a t e d  f r o m  I n z h e n e r n o - F i z i c h e s k i i  
Zhurna l ,  Vol .  45, No.  3, pp .  434-439,  S e p t e m b e r ,  1983. O r i g i n a l  a r t i c l e  s u b m i t t e d  June 1, 1982. 
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p(x, 0)=pc,  T(x, 0)=-T o , p(O, t)=p~, T(0, t) =T , .  (5) 

If the Darcy  law [~(j)_-- j] is valid, then it is easy to see  that the motion is dynamically s imi la r  and can be 
wri t ten as 

p(x, t)=p(~), T(x, t )= T(~), ~=x/a) . i - ,  (6) 

where  p(~) and T(~) sat isfy the sys tem of equations 

d (k~m d p a2~ dp 0 ' 
7( ___-g)+ 2 

d~ -~-  -t- - -  -1- 9m - -  4- = 0 

(7) 

with the boundary conditions 

p(oo)=po,  p(0)=p~, T (m)=To ,  T(0 )=T, .  (8) 

Here,  a 2 is the dimensional constant of diffusivity. Its form can be chosen in each specific case so that the 
equations of the problem will have the s imples t  form.  

In par t icular ,  let the fluid saturating the pore space be a thermodynamical ly  perfect  gas, and let the 
porosi ty,  permeabi l i ty ,  v iscosi ty ,  and thermal  conductivity be independent of the p r e s s u r e  and tempera ture .  
Then 

9 = PopTo/(Tpo ), i=  CpT (9) 

and Eqs.  (7) take the fo rm 

k d ( +  dp~ ~ dp p dT 
a2~m d~ - ~  ) 4- ~ O, �9 , 2T d~ 2T z d~ 

d2T kpoToCpp dp dT ~ ( OoToCppm ) dT =0 .  
Ca 2 d~ 2 ~-a2~poCT d~ d ~ - t - - f -  Po TC 4-1 d--~ 

(1o) 

We set  
kpo C mpoCe 

a ~ - )~--L-, P--Po/, T==ToO, 7~-- , 7 = - -  
C . kFm C 

We have the problem 

d ( /  d / )  1 ~ d/ ~[ d O 0  ' 
%-d~- 0 d~ 4- 2 0 d~ 20 z d~ 

d20 f d/ dO ~ ( @ ) dO 
d~ - ~  @%37 0 d~ d~ @-2-  3? @ 1 - ~ - = 0 ,  

@(oo)=/(cr 1, O(O)=O~.- T~/ro, /(O)=/l=- pl/Po. 

(11) 

Let us examine the case when the perturbation is created by a thermal wave, fi = i. If the intensity of 
the wave (g = I| - | is not great, then the problem is solved by an expansion in the small parameter: 

Substitution into (ii) gives 

* = 1 + e %  (~) + e~% (!) + �9 �9  

d20o 1 dOo = 0, 
d---~@-- f -  ~(1 -[-7) d--~- 

dOo d2(Do 1 dq )  0 . _  1 ~ , 

Z--~- - Jv  - ~ -  ~ d~ 2 d~ 

dt~l d% dOo d2t~l 1 (1 q- ~) X'7 

d~  ~--2- dE d~ . d~ 

(12) 

(13) 
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#0 (0) ~-- 1, G 0 (0(3) = 81 (0) ~- 81 (OO) = '~0 (0) = (~0 (OO) = 0. 

As a resul t ,  we have [2, 3] 

/}0 = 1 --  err (~ d V -k 1/2), % = [erf (~ V ? + 1/2) - -  erf (~!2 V~)I/(x~? -} X - -  1), 

0~= exp 1+~4 ~z C~--k~l/~ err 2 V ' ~  2 

(14) 

where  

0 

k l=Xy1/1 -kY/ [a (gY+) t - -1 ) ]  (see Fig. la) .  

The curves  in Fig. 1 cor respond to the p a r a m e t e r s  X and y ,  calculated with the values # = 17.2 �9 10 -6, 
Cp = 103 (for a i r  at 20~ k = 1.02 �9 10 -15, 1.02 �9 10 -16, 1.02 �9 10 -17, k = 1.75, m = 0.25, C = 2.72 �9 106, p 0 = 1, 
P0 = 0.0981, AT = 300~ T o = 293~ 

As might be expected, the absolute values of the inc rement  in in t rapore  p re s su re  inc rease  with a dec rease  
in permeabi l i ty  and approach the values that would be obtained for  an impermeable  specimen (with the given 
t empera tu re  increment ,  the p r e s su re  maximum is 0.196 MPa). 

The case in which heating occurs  on the side of the boundary impermeable  to gas is in teres t ing in cer ta in  
applications. 

Formulat ion of the problem and the scheme of expansion in the smal l  p a r a m e t e r  a re  the same as before ,  
with only the boundary condition for  the dimensionless  p r e s s u r e  changing to 

f' (0) = ~ (0). (15) 

The corresponding solution, obtained by s m a l l - p a r a m e t e r  expansion of the intensity of the the rmal  wave 
~, has the fo rm 

t% = 1 --  err 1~ Vr~, -t- 1/21, 

V ~ I ,  (V.~-erf, ~ 1 erfc ~ 1 / ~ - - ~ )  
%- -  ZT-t- ~r 1 2] /~-  l f ~ + l  2 ' 

i ( ) [ ( 1  err ~ f f T + l  V~-erf ~ ) ]  d[, ~ = exp V + 1 ~2 Cz -{- k2 V~- V? -t-------~ 2 2 } F ~ -  
o 4 

(16) 

where 

C2 = _ k2 V-~--T bi exp ( ? + 1  
_ 4 

_ _  ~2)(VyI_~_ err ~ I/Y-k' ~ V%erf ~ ) + 1  2 2 ~  d~; 

k~ = %Y(V + l)/[u (~, + Z --  1)] 

(see Fig. lb).  

The p r e s s u r e  increment  in the "sealed" spec imen prove to be somewhat higher  than in an open specimen 
for  numer ica l  values of the p a r a m e t e r s  coincident with those examined above, but this difference dec reases  at 
low permeabi l i t i es .  

3. If the porous body is f i l led with an e las t ica l ly  compress ib le  fluid instead of a gas, then for  uniform 
motion we have the sys tem of equations 
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Fig. 1. The f i rs t  two terms of the temperature ex- 
pansion and the f i rs t  term of the pressure exps~qsion 
f o r  the  c a s e  of m o t i o n  of a g a s  in  a p o r o u s  body:  a) 
wi th  a p e r m e a b l e  s u r f a c e ;  b) w i th  an i m p e r m e a b l e  
s u r f a c e ;  1) k = lO-~S; 2) lO-~S; 3) 10 -t7 m 2. 

P.lO 3 

c? 2 

f l  
2 

o, o2 

o, ol 

Fig. 2. Temperature and pressure perturbation f o r  
a fluid in a porous body with a permeable surface: 

i) A = i00; 2) 173; 3) 250. 

fro ~, ./03 
~ .fo ~ 

o,o~ o,8 

qz 

1 

Fig. 3. The first two terms of the temperature ex- 

pansion and the first term of the pressure expansion 

for the case of a fluid in a porous body with a per- 

meable surface. 
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( l(oo c?~ P ~ a ff_P O P 
Ox 2 -r Ox Ox ~x + - - •  ~x at 

~ 020 1 ( C ) O0 O00P 0" 
m• Ox 2 • mpoC' +1 ~ + Ox Ox 

(17) 

Here  

P = P 0 l l + p / K - - a ( T - - T o ) l ;  P - p / K ;  O = a ( T - - T o ) ;  • kK/(m~); 

z = ;4(C%). 

The problem of a thermal wave again permits a dynamically similar solution 

X P=P(~), 0=0(~), ~-- - -  
a VT- ' 

a2= xC'Po ~ ,  
C 4- mC'9o A 

being a solution of the problem 

m~4 

d~ ~ + 2A d~ ~- d~ 2A d~ 

d20 ( 2@n d_~ ) dO O, A= ( cCm + I ) ran_ 
- -  d~--7 + ~ + d~ z 

P(O)=P(oo)=O, O(O)=e, 0(oo)=-0. 

(1 s) 

(19) 

(20) 

The resul ts  of calculation of the dynamical ly s imi l a r  solution for  the boundary-value problems P(0) = 
p(~) = | = 0, | = 0.05 and the p a r a m e t e r  values p = 0.1, k = 1.02 �9 10 -15, m = 0.25, P0 = 1000, X = 1.745, 
K = 1961 MPa, ~ = 4.6 �9 10 -4 (at 40-60~ C = 2.72 �9 10 ~, C' = 4.17 �9 103 a re  shown in Fig. 2. 

It is obvious that, except fo r  par t icu lar ly  " seve re"  reg imes ,  the f i l t ra t ive  motions caused by the the rma l  
shock will be weak, and they too can be analyzed by means of the s m a l l - p a r a m e t e r  method. Assuming | = 

<< 1, we have 

o = Oo + a% + . . . .  eo  (o) = ~, Oo (oo)  = o ,  (o) = ~ ,  (oo)  = o,  

P = P0 + . . . .  P0 (0) = P0 (co) = 0, 

(21) 

F r o m  which 

where 

d2#o ~ d#o = O, d2P~ ~ dPo ~ d#o 
a~ ~- 2 a~ --2g- + _ _ ,  (22) 2A dg 2A dg 

d20~ + j_~ d~l = _ dP_._2 d~o 
mn d~ 2 2m• d~ d~ d~ 

t%=e[1--erf(~/2)]' P~ A--IS (err [ --erI  2 ~ A  ) ' 2  

~ 1 - - S  [Cs + V~-k, (erf ~ erf ~ ] -~-)  

C3 = k3 err 2 V-A~ err ~ 2  exp J d~; k3 = "400nX (A - -  1) 

(23) 

(see Fig. 3, e = 0.05). 
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NOTATION 

j, m a s s  f i l t ra t ion velocity;  p, fluid p r e s s u r e ,  Pa; T, t empe ra tu r e ;  i, enthalpy; p ,  fluid densi ty,  kg/m3;  
#, fluid v iscos i ty ,  N �9 see /m2;  m,  poros i ty  of the medium; k, pe rmeab i l i t y  of the porous  medium,  m2; k ,  t h e r m a l  
conductivity of the f l u i d - p o r o u s - m e d i u m  s y s t e m ,  W / m  �9 deg; C, vo lumetr ic  specif ic  heat  of the porous  medium,  
. l / ( m  a �9 deg); Cp, speci f ic  hea~ of the gas at constant p r e s s u r e ,  J / ( k g  �9 deg); C' ,  specif ic  heat  of the liquid, 
J~  (kg �9 deg); K, c o m p r e s s i v e  bulk modulus,  N/raP; a ,  coefficient of cubical expansion,  deg -1. 

I. 

2. 
3. 
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S T E A D Y - S T A T E  P R O B L E M  O F  L O C A L  P O R E  C O O L I N G  

V.  V .  F a l e e v  UDC 536.244 

The t e m p e r a t u r e  f ield in a porous  ha l f - space  with f i l t ra t ion  of coolant f r o m  a source  is examined.  

Pore cooling has come into use in recent years in several sectors of modern industry to protect various 
structural elements from high heat fluxes. The high efficiency of this method of cooling is due to the developed 
surface with which the coolant is in contact during its motion through the porous medium. As a result of this, 
heat is absorbed, and the boundary layer at the leakage surface is transformed in such a way that heat transfer 
f r o m  the h i g h - t e m p e r a t u r e  gas  flow to the wall  behtg p ro tec ted  is reduced.  

Toge ther  with the continuous supply of coolant through the wall  [1], in our opinion coolant can a l so  be 
supplied to ce r t a in  local  zones in some  c a s e s .  This p roduces  zonal  pore  cooling and c rea t e s  the t he rma l  r e -  
g ime requ i red  for  the m o s t  heavi ly  t h e r m a l l y  s t r e s s e d  sec t ions .  

An impor tan t  t a s k  in designing such s y s t e m s  is studying the t e m p e r a t u r e  f ields inside porous  m a t e r i a l s  
with al lowance fo r  the f i l t ra t ion p r o c e s s e s  occur r ing .  To solve this p rob lem,  it is f i r s t  n e c e s s a r y  to cons t ruc t  
the solution of the two-dimens iona l  f i l t ra t ion  p rob lem and obtain the p r e s s u r e  dis tr ibut ion in the porous  body. 
The h e a t - t r a n s f e r  equation can then be used with this data to find the t e m p e r a t u r e  field. 

Let  us examine this p rob l em  using the example  of coolant flow in a porous  ha l f - space  (Fig. l a  [2]). We 
will assume that the cooling gas is moving in an undeformed, uniformly porous medium from a source of inten- 
sity 2M, located at point A, to the leakage surface. Constant pressure P2 and temperature T 2 are maintained 
at the leakage surface, while the pressure and temperature at the source are Pl arid TI, respectively. The 
thermophysical characteristics of the gas and the porous material are assumed to be constant, and equality is 
maintained between the temperatures of the body and the coolant at any point of the filtration region. 

The gas flow in the porous medium obeys the resistance law 

--%% graO n = - f (v__J) i7. 
~t (T) V 

The p r o c e s s  of heat  and m a s s  t r a n s f e r  is desc r ibed  by the equations: 

/.AT - -  cpV grad T = 0, 

(1) 

(2) 
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